It is often said that music has reached its supreme and highest level in the 18th and 19th centuries. One of the main reasons for this achievement seems to be the robust structure of compositions of music, somewhat remindful of robust structure of mathematics. One is reminded of the words of Goethe: Geometry is frozen music. Here, we may extend geometry to mathematics. For the Middle Age in Europe, there were seven main subjects in the universities or in higher education. They were grammar, logic and rhetoric-these three (tri) were regarded as more standard and called trivia (trivium), the origin of the word trivial. And the remaining four were arithmetic, geometry, astronomy and music-these four (quadrus) were regarded as more advanced subjects and were called quadrivia (quadrivium).
gin of the word trivial. And the remaining four were arithmetic, geometry, astronomy and music-these four (quadrus) were regarded as more advanced subjects and were called quadrivia (quadrivium). Thus for Goethe, geometry and mathematics seem to be equivocal. G. Leibniz expresses more in detail in his letter to C. Goldbach in 1712 (April 17): Musica est exercitium arithmeticae occultum nescientis se numerari animi (Music is a hidden arithmetic exercise of the soul, which doesn't know that it is counting). Or in other respects, J. Sylvester expresses more in detail: Music is mathematics of senses. Mathematics is music of reasons. Thus, the title arises. This paper is a sequel to [1] and examines mathematical structure of musical scales entailing their harmony on expanding and elaborating material in [2] [3] [4] [5] , etc. In statistics, the strong law of large numbers is well-known which claims that lim 1. an event A tends to the true probability p of the occurrences of A with probability 1. In music, harmony is achieved according to Pythagoras' law of small numbers, which claims that only the small integer multiples of the fundamental notes can create harmony and consonance. We shall also mention the law of cyclotomic numbers according to Coxeter, which elaborates Pythagoras' law and suggests a connection with construction of n-gons by ruler and compass. In the case of natural scales (just intonation), musical notes appear
Distance Functions
The pitch of a musical note (hereafter abbreviated as a note) is defined by its frequency measured in Herz (Hz), cycles per second.
The bigger the frequency, the higher the pitch.
The frequencies of all musical notes are the set of positive reals +  . The interval between them is expressed by the ratio of their frequencies. As will be shown below, in just intonation, 
is a metric space. Thus, we think of intervals between two notes as the logarithmic difference, which we substitute by the quotient, say b/a, of corresponding frequencies b a > and say that the interval between a and b is b/a (by which we understand the logarithmic interval log log b a − ).
Equivalence Classes
We introduce the relation After the octave, the next simplest is the perfect fifth 3:2 containing 7 semitones whose inversion is the perfect fourth 4:3 containing 5 semitones. The major third 5:4 is the interval containing 4 semitones whose inversion is the minor sixth 8:5 which contains 8 semitones ( Figure 1 & Figure 2 ).
The sequence of three notes arranged in the order of the major third and the minor third is called a major triad.
The common major chord (do-mi-so-do) has the ratio 4 : 5 : 6 : 8 , while the common minor chord (do-mi  -so-do) has the ratio 10 :12 :15 : 20 (Figure 3 ). Remark 2.1 For the meaning of "fifth'', cf. Remark 5.1 below. There are three ratios with the prefix "perfect'', which are perfect first (which is nothing but the unison), perfect fifth and perfect fourth. The major third is the interval from ( )
, which is a representative of the equivalence class consisting of the intervals 5/4, 5/2, 5/1, 10/1,….
Pythagoras Law of Small Numbers and the Helmholtz-Joahim Scale
Pythagoras was the first who raised the question "Why is consonance associated with the ratios of small numbers?'' Here "numbers'' means integers. This is referred to as Pythagoras' law of small numbers to the effect that only the small integer multiples of the fundamental notes can create harmony and consonance.
There is a variation of this law, the law of cyclotomic numbers, cf. §7.
In this section as a partial explanation of Pythagoras' law of small numbers, we refer to the experiment of Helmholtz and Joahim stated in [3] and we refer to (Table 1) . Table 2 is the basis of Coxeter's speculation of the law of cyclotomic numbers in §7.
Various Scales
When we pile up the notes starting from a basic note, we obtain an increasing sequence of pitches. The way of piling up is not at one's disposal and one has to struggle to achieve good consonants among them. There are several sequences constructed and they are called a scale or sometimes pitch with the inventor's name or with the describing term (sometimes also called an intonation).
In the case of Pythagorean scale ( §5), it is formed using only powers of 2 and 3.
Since one whole-tone consists of two semi-tones and there are two semi-tones and five whole-tones in one octave, it follows that one octave has 12 semitones, cf. (8.6) below. Therefore, piling up the notes on the basic one, the 12th power is very important. In the case of the Pythagorean scale, what are piled up are powers of 3 2 , so that
which is a little higher than 7 octaves:
128
is known as the comma of Pythagoras. This discrepancy accounts for many difficulties in obtaining an organized system of pitches.
In the equal tempered system, one octave is equally divided into 12 semitones with ratio being the 12th root of unity 1 12 1 tempered semitone 2 1.05946 
The Pythagorean Scale
The Pythagorean scale is made of 2 3 p q , , p q ∈  , 3 3 q − ≤ ≤ . As is explained above, starting from middle C, A (la) is obtained as 
From middle C (doh) by piling up 3 2 , we get G (sol), then 
Definition 2. These 5 notes C, D, E, A, G form the pentatonic scale. It is the basis of many folk-songs in Scotland. 
This is the scale used by the Greeks and early medieval composers as the basis of the Ecclesiastic Mode. The scale is suitable for melodic writing but not satisfactory for harmonic writing (for modulation) ( Figure 5 ).
We remark that the sequence 3 2
is very much relevant to number theory, esp. in connection with the Waring problem, cf. e.g. [7] , where the Gaussian symbol will be defined after (5.1). 
Major and Minor Chords
The home key could be any one of seven notes but what survived in tone-centered music nowadays are the Ionian scale beginning and ending on C and the Aeolian scale (with key-note A). The Ionian and Aeolian scales are known as the ordinary major and minor scales (Table 3) .
Definition 3. The major triad is the piling up of the major third followed by the perfect fifth on the root. The minor triad is the piling up of the minor third followed by the perfect fifth on the root (Figure 6 ).
On [2] there are two speculations for the reason why those two chords remain.
One is that the interval from si to do is very small and gives the impression that it is coming to an end. The other is more convincing that as one can see, the major triads are situated symmetrically over the octave, and so these chords survived. But although in the figure it is apparent, it is not certain whether one senses this symmetry by ears. We guess that this is not a reasoning by senses but by reasons. On [2] , it is stated that Bach's music is quite mathematical but for Bach, music comes first and the accompanying mathematical structure is rather the by-products of composing music-as mathematics of senses. [8] [9] [10] [11] etc. on Bach's music and its plausible relation with mathematics.
Arithmetic of the Pythagorean Scale
In §5, the piling up method is given of constructing Pythagorean scale, but each time one has to think which power p of 2) For an integer p to exist that satisfies
must hold. Cf. 
The Verdi Pitch
The Verdi pitch is the scale which fixes the freq. of A to be 432. In [6] the following theorem has been found. (Figure 7 ).
The Just Intonation and the Law of Cyclotomic Numbers
The Pythagorean major 3rd 81 64 m = is slightly bigger than the major 3rd 5 4 of just intonation. The Pythagorean major 3rd is said to let the melody sound beautifully, but it diminishes harmony because of the beats contained. In 
there occur beats between the root and the major 3rd. To eliminate this beat, we decrease the major third by multiplying by the syntonic comma Figure 8 and Table 6 .
On the basis of Matthew Passion (Figure 9 ). The interval 17 were used by the remaining two of the 3 B's, i.e. by Beethoven and Brahms. Since regular polygons inscribed in a circle divides it into equal parts, cyclotomy, Coxeter refers to the law of cyclotomic numbers rather than the law of small numbers. 
Modulation
Part of the contents of this section is an elaboration of material in [4] . In this section we use the notation { } 
F d r m f f s l t d r m f f s r m f f s l t r m f
To modulate C major into G major is just to replace the basic note d in (8. 
f s l t d r m f s l t d f s l t d r m f s l t d s s s s s s s s s s s s s
where we used the relation d s ′ = . In general by comparing the frequencies, we
Also comparing the ratios in (8.2) and (8.3), we find that the ratios with prime are equal to those without:
for all x F ∈ , e.g.
, the far-right side member we denote by q. Similarly, from 2 Table 3 is expressed as { } it is a typical hindsight since Pythagoras had no concept of modulation and he must have followed the reasoning given in Remark 5.1, 1) based on the law of small numbers. Corollary 8.2 There are three major triads,
Proof. There are three major thirds in conformity with the statement in §4. Table 7 .
Equal Temperament
The law of cyclotomic numbers work well within the same key, but produces a contradiction if we modulate into other keys. In Table 6 , the whole tone from E to F or from G to A is 4 5 10 3 6 9 = while for the tone from F to G is 
which gives the value (10.2) for Bach's fifth.
Music as Duende

Art vs. Technique
A singer is said to be non-standard original if he or she sings in his or her own original way, not necessarily following exactly the musical notes. The non-standard singer sings a song in his or her original way so that the song is much more appealing to the minds than scholarly way of singing according exactly to the musical notes or machine music.
Thus the music heavily depends on the talent of performers and those non-standard original singers or players are those who are talented enough to grasp the message and intension of the composer to convey it to the audience by expressing it by their "duende''.
This class of singers include Hibari Misora, Hideaki Tokunaga, Yumi
Matsutoya, or more recent ones, Hikaru Utada, Lia., et al.
It can be speculated that we feel comfortable when we receive stimuli whose frequency are the same as ours, i.e. 1/f-noise. This includes the case of music. If it shows 1/f-noise, then it gives us comfort.
HiFi vs. WiFi
In ( [12] , pp. 30-33) the principle of CD is stated. The pitch of the sound can be divided into times per second and so more than this times of sampling is needed. And for stereo recording, we need twice as many, whence the sampling frequency 44,100.
The assumption that all the frequencies higher than 20,000 Hz may be neglected is rather controversial. For recording simple conversation may not need more, but as supreme art, this omission can be a serious problem because what is missing is often more meaningful as art. We recall that as soon as the real sound is transformed into digital signals, it is not the real signal but an approximation.
Not only in music but flower arrangement, it is said that what is important is rather the space surrounding the arranged flowers. We recall a poem of R.
Kinoshita
Peony flowers
So stable and in full bloom
The solidness of the position
The flowers occupy.
Fluctuations
On fluctuations, there is a bunch of literature. We mention only a few [13] For a more general treatment of finite power signals, we refer to [1] . It was found (e.g. [15] ) that many natural phenomena possess the power spectrum depending on the frequency 1 f β . This kind of phenomena is called 1/f-noise or fluctuation.
In [17] , the distribution of primes is considered from the point of view of 1/f-fluctuation. However, in [18] , there is criticism against the interpretation of power spectrum, saying that it applies to non-living.
We are to study music as something that lies at this threshold of living and non-living.
